Introduction
Let G be a locally compact group, and let P(G) be the convex set of all continuous, positive definite functions (f> on G normalized by <f>(e) = 1, where e denotes the group unit of G. For <peP(G) the spectrum sp^ of <j) is defined as the set of all indecomposable \jfeP(G) which are limits, for the topology of uniform convergence on compact subsets of G, of functions of the form n x v -y 2 c i c j (j)(xj 1 
xx i ),
w h e r e c lt . . . , c n e C , x 1 , . . . , x n e G (see [5] , p. 43). Denoting by n^ the cyclic unitary representation of G associated with <fi, it is clear that sp$J consists of all xj/eP(G) for which n^ is irreducible and weakly contained in n^ (see [3] , chapter 18). Let l c be the constant positive definite function 1 on G. R. Godement asks in [5] , p. 77, whether G always has the following property which we denote by (P) throughout this paper:
(P) If 0EP (G) and if <j> is positive in the usual sense, i.e. <f>(x) ^ 0 for all xeG, then l c e s p 0 .
Examples of positive, positive definite functions are given by functions of the form f*f~, where / is a positive function on G with compact support, /~ is defined by f~(x) = f(x~l) and * denotes convolution (for further examples, see Section 1 of this paper). Actually, Godement was mainly interested in the question whether 1 G is the limit, uniformly on compact subsets, of such positive definite functions / * /~ ( [5] , probleme 5, p. 76). It is today well known that this is equivalent to the amenability of G (see [7] or [8] ). Thus, a necessary condition in order that (P) holds is that G is amenable. As observed in [5] , p. 77, it is easy to see that compact or abelian groups satisfy (P). The main purpose of this paper is to show that (P) is satisfied by all exponentially bounded groups (for example, all compact extensions of nilpotent groups) and by all solvable discrete groups. We do not know whether (P) is equivalent to amenability. However, for connected groups G we show that amenability of G is equivalent to the following (weaker) version (P*) of (P): It is easy to translate (P) into a property of unitary representations with positive vectors. Indeed, consider the following property (P') of G which is formally stronger than (P):
(P') If n is a unitary representation of G with a positive vector, then n contains weakly 1 G . PROPOSITION 
1-2. (P) and (P') are equivalent for every locally compact group G.
Proof. Let n be a unitary representation of G with positive vector E,eH v . Let <j>(x) = Re (n(x) £, £>, xeG. If (P) holds, then 1 G is weakly contained in n^ which is a subrepresentation of n © ff. Thus 1 G is weakly contained in n ©ff, and this implies that 1 G is weakly contained in n. I Suppose G is abelian. Then each <j>eP(G) is the Fourier transform jil of a probability measure fi on the dual group G. It is easy to see (cf. Clearly, groups of polynomial growth are exponentially bounded. The converse is true for connected groups, but not in general. Exponentially bounded groups are unimodular and amenable (cf. [6] ). THEOREM 
2-1. Exponentially bounded groups have property (P).
Proof. Let G be such a group, and let <j>sP(G) with (f> > 0. Let K be a compact neighbourhood of e with K = K' 1 , and let e > 0. Then there is ne N such that f
$(zl y)dydz^{l+e)\ ^(z^y) dy dz (*)
where dy (respectively dz) denotes the Haar measure on G. 
Remark 2-2. The proof of the above theorem yields a more precise result which will be used in the sequel: G being exponentially bounded, if (j) e P(G) and 0^0 , then 1 G is uniform limit on compact subsets of G of functions of the form where all c t ^ 0 and x t e G. Indeed, the vector n(f) E, in the above proof belongs to the closure of the cone generated by {n(x)£ 1 \xeG}. Remark 2-4. Let G be nilpotent. Then, except 1 G , no irreducible representation of G has a positive vector. Let n be an irreducible representation of G with a positive vector, and let Z be the centre of G. Then n\Z has a positive vector. Hence n is trivial on Z. Considering the ascending central series of G and repeating this argument, we see that n = 1 G .
In contrast with this, let G be a connected semisimple non-compact Lie group, and let P be a minimal parabolic subgroup. Then the principal series representation 7r = indp 1 P is irreducible (cf., e.g., [9] ) and has positive vectors. Observe that 1 G is not weakly contained in n. Proof. If G has property (P*), then l c is weakly contained in the regular representation A G , when both representations are considered as representations of G d . As is well known, this is equivalent to the amenability of G (cf. [7] , proposition . Suppose G is amenable. Let N be the closure of the commutator subgroup of G. By [2] . proposition 3, iVhas polynomial growth. Let <j>eP(G), <f> ^ 0. By Theorem 2-1 (see Remark 2-2), there is a net (^J a in P(G) with i/r a ^ 0 such that lim a^a (a;) = 1 for all xeN, and such that n^ is weakly contained in n^ for all a. Viewing now G as discrete group, the method of proof of Theorem 2-5 yields some i/reP(G d ), i/r ^ 0 with \jr\N = 1 and such that n^ is weakly contained in n^ (as representations of G d ). Since G/N is abelian, 1 G is weakly contained in n^, and the result follows. I Remark 2-7. It is well known that l c is limit, for the compact convergence, of positive definite functions of the form f*f~, feC 00 (G), /^ 0, if (and only if) G is amenable ( [7, 8] ). Actually, using Reiter's property (P 2 ) (cf. [8] , chapter 8, §3), it is easy to prove the following more precise result. Let G be a locally compact unimodular amenable group. Let <f>eP(G) with <j) ^ 0, and let n be the associated representation. If <f> is integrable or if TT is square-integrable (i.e. all matrix coefficients of n are square-integrable), then l c is weakly contained in n.
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